In this research work, the well-known Homotopy perturbation method (HPM) is used to find the approximate solutions of the nonlinear Liénard differential equation (LDE) using different types of boundary conditions. In order to find the accuracy of the approximate solution, one term, two terms and three terms HPM approximations are considered. This idea is actually based on the idea of Taylor's series polynomials. It is found that solution converges to the actual solution with the increase of the terms in the guess solution. Moreover, in each of the new HPM solution, previously obtained solutions are added to it in order to find the exactness of HPM solutions. However, the nature of the solution seems to be complicated. In addition, comparisons are made with the previously published results and a good agreement is observed.
Introduction
The general Liénard differential equation [1, 2] can be written as
which is considered as a generalization of the damped pendulum equation or a damped springmass system [1] . One can use different arbitrary functions for ( ) ( )and ( ). Such combination refers to different nonlinear models which can be used in many practical applications. It is to be noted that particular choices of ( ) ( ) ( ) , and ( ) leads to Van der Pole quation treated as a nonlinear model of electronic oscillation [1] . In this work, the special case of LDE (studied by Kong [3] ) is solved using HPM with different types of initial and boundary conditions. And Liénard equation is presented below:
where are real constants.
The concept of HPM was first established by He [4, 5] , which has been used to solve a large number of non-linear problems. It is found that such approximations rapidly converge to the exact solution. Since it is not easy to find the solution of equation (1.2) by usual methods such as the perturbation method, separation of variables etc., HPM can be used to find the analytical solution of nonlinear differential equations with different types of initial and boundary conditions [6] [7] [8] [9] . 'In addition, the merging of perturbation method and the Homotopy method is called HPM, which has banished the deficiency of the traditional perturbation methods. In the other hand, this method can take the full benefit of perturbation techniques' [4, 5] .
Researchers are trying to find the exact solution of Liénard differential equation over some decades and several approximate solutions are proposed. Some of the literatures are presented hereafter.
In 1982, Villari [10] proposed a new criterion for the existence of periodic solution of Liénard Differential Equation.
In the next year, he presented a new theorem which showed the assurance of the existence of such solution and few years later, he also presented the qualitative behavior of periodic solution of Liénard Differential Equation [11, 12] . In 1995, Kong [3] studied a particular form of LDE as shown in Eq. (1.2). He showed that explicit solution of this type of equation can be obtained when ( ) ( ) In 2002 and 2004, Feng [2, 13] worked on the extension of the Kong's [3] work and provided more explicit solutions for different cases. In 2008 and 2012, Matinfar et al. [1, 14] solved the initial value problem of LDE proposed by Kong [3] using variational iteration and differential transform method respectively. They proposed new approximate solutions of equation (1.2).
From the above literature reviews, it is clear that solution of particular type of different boundary value problems of LDE is not investigated for real parameters . However, exact solution of such types is still an issue to the mathematicians. Therefore, the goal of the present research is to find the approximate exact solution of LDE with different combinations of Neumann and Dirichlet type boundary conditions using HPM. Moreover, such findings will be helpful in the applications of LDE.
Validation Works
In this section, the special type of Liénard equation is solved by HPM and comparisons between the HPM solution and exact solutions are presented hereafter.
Let us consider, , then the exact solution [1] is
By using HPM, we have
Putting, √ InEq. (3.1) and equating the coefficients of from both sides,we get
Thus the two term solution by HPM is and the three term solution by HPM is . 
Let us consider, ,then the exact solution [1] is
Using the same approach we get, From the above findings, it can be seen that there is an insignificant difference between the results of two and three terms HPM solutions and exact solution. It motivates us to continue further studies using different boundary conditions.
Results and Discussion
Solution of Liénard differential equation with different types of boundary conditions using HPM is presented and discussed. 
The Homotopy is,
Putting,
Andusing BCs (I), we get,
Let us consider, Solving the above differential equationsusing MATHEMATICA, we get,
Similarly using BCs. (II) and we get, 
Similarly using BCs. (IV), and we get,
Fig. 3: Approximate HPM solutions for boundary conditions
In Figs. 3(i, ii, iii), the dashed curve is the initial approximation the shaded curve is the approximation of which is the two term solution by HPM and finally the thin curve is the approximation of which is the three term solution by HPM. It is observed that the two and three term solutions by HPM almost coincide and may vary with the initial approximation. It can be concluded that three terms solution is the best approximate solution of Liénard differential equation with the given boundary conditions. Figure 3 (iv) presents the 1term, 2-terms and 3-terms solutions of the Liénard differential equation with ( ) ( )
. It is seen that three term solution differs a lot with the initial and two terms solutions. It is difficult to make any conclusion about the accuracy of the approximate solution. In the present case, 3-terms HPM solution forms a complex function which can't be used to calculate the 4-terms HPM solution.
Above findings reveal that different types of boundary condition can be used to solve the Liénard differential equation by HPM. Two terms solution and three terms solution almost coincide. More accurate solutions can be obtained by increasing the number of terms. Table 3 shows that the RMSE& MAE for the approximate solution of HPM 2 terms solutions are less than HPM 1 term solutions compared with HPM 3 terms solutions as the base solutions. As it is known with the base of Taylor's series taking higher order terms always gives better approximations which can be found is all above cases.
Conclusion
In this research, HPM is applied for the solution of the Liénard equation with different initial and boundary conditions. One, two and three parameters HP solutions are developed and presented graphically. It is found that higher parameter shows good approximations of the analytical solution. It may conclude that HPM is a very effective technique to find the analytical solutions for highly non-linear ordinary differential equation with ICs/BCs.
